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Applying the three axiomatic criteria of Lorentz invariance, analyticity and unitarity to scattering
amplitudes involving the Goldstone bosons and the Higgs boson, we derive a general sum rule for
the Strongly Interacting Light Higgs Lagrangian. This sum rule connects the IR coefficient cH to
the UV properties of the theory, and can be used, for instance, to capture the role of resonances in
processes like VLVL → hh and VLVL → VLVL, with V = W±, Z.
I. INTRODUCTION
The Higgs boson [1–3] was found in July 2012 after
a near half-century search [4, 5]. As predicted by the
Standard Model (SM), the Higgs boson is a scalar par-
ticle, and all the experimental data collected so far at
the LHC seem to point towards a positive parity [6, 7].
The value of the mass is mh = 125.5± 0.2stat+0.5−0.4sys GeV
measured by ATLAS [8], and mh = 125.7±0.3stat±0.3sys
GeV measured by CMS [9]. Despite this astonishing dis-
covery, however, none of the mysteries related to the exis-
tence of the Higgs boson have been solved. Light scalars
are unnatural in quantum field theory, unless a specific
mechanism keeps their mass safe from large radiative cor-
rections. The most elegant way to solve this problem
is to protect the Higgs boson using a symmetry. This
particular theoretical framework is realized in the con-
text of Composite Higgs models, where the Higgs boson
arises as pseudo Nambu-Goldstone boson of a sponta-
neously broken global symmetry [10–15].1 This scenario
∗Electronic address: alfredo.urbano@sissa.it
1 A more precise formulation of the hierarchy problem in the con-
text of Composite Higgs models is the following. On a general
ground, it is well known that the Higgs mass – via quantum cor-
rections – is quadratically sensitive to the existence of any new
physics beyond the SM, i.e. ∆m2h ∼ (g2/16pi2)Λ2 where g is a
coupling constant and Λ is the scale of new physics. The so-called
“big hierarchy problem” refers to the question why is mh  Λ.
The most straightforward solution to this problem relies on the
following arguments. First, the scale of new physics has to be rel-
atively low, Λ . TeV; second, the new physics, irrespective from
its nature, has to render the Higgs boson insensitive to further
quantum corrections above the TeV scale. In Composite Higgs
model the occurrence of the latter condition is ensured by com-
positeness itself – i.e. by the fact that in the fundamental theory
above the TeV scale there exists no scalar operators of dimen-
sion less than 4 that can be added to the Lagrangian – while the
condition mh  TeV follows from the pseudo Nambu-Goldstone
nature of the Higgs scalar. The “little hierarchy problem”, on
the contrary, refers to the lack of direct and/or indirect evidences
of this new physics at the TeV scale. In Composite Higgs models
has profound phenomenological implications; it predicts
potentially large deviations in the couplings of the Higgs
boson with the SM gauge bosons and fermions, as well
as the existence of new resonances, with a mass around
the TeV scale, coupled to the Higgs doublet. Unam-
biguous fingerprints of compositeness, therefore, could
be present in sizable deformations of the Higgs couplings,
and significantly enhanced cross sections describing scat-
tering processes between the Higgs boson and/or the lon-
gitudinal gauge bosons W±L , ZL. The former are under
scrutiny at the LHC [16, 17], and the current experi-
mental bounds are still compatible with the presence of
deviations from the SM predictions, especially consider-
ing loop-induced couplings (see, for instance, Refs. [18–
20]). As far as the latter is concerned, processes like
VLVL → hh, V = W±, Z have a distinctive signature at
the LHC: the production of two Higgses in association
with two forward jets, well separated in pseudorapidity,
related to the primary partons that radiate the VLVL pair.
The possibility to detect these processes at the LHC is
extremely challenging, given the tiny value of the corre-
sponding SM cross sections [21, 22]; on the other hand,
this also implies that new physics effects – in particu-
lar due to the s-channel exchange of a new resonance in
VLVL → hh, VLVL → VLVL – are more likely to be seen
[23].
Actually, apart from experimental complications, there
exists also a nontrivial theoretical obstruction. Com-
posite Higgs models postulate the existence of a new
strongly-coupled sector to which these resonances belong,
thus making the usual perturbative approach completely
this problem is mitigated by the fact that the Higgs mass cor-
rection is actually of the form ∆m2h ∼ (g2/16pi2)f2 and is set by
the global symmetry breaking scale f rather by the new physics
scale Λ. Following the previous discussion, as a consequence, one
would expect f . TeV while the cut-off scale of the theory will
lie at higher values Λ ∼ 4pif , thus alleviating the little hierarchy
problem.
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2useless. The possibility to make model-independent pre-
dictions without any knowledge of the underlying UV-
completion of the theory may seem, as a consequence,
completely hopeless.
In the sixties, the ambitious goal of the “S-matrix the-
ory” was to compute the elements of the S-matrix by
requiring them to respect three general properties that
ought to be valid independently of the actual existence
of a Lagrangian description: Lorentz invariance, analyt-
icity and unitarity [24].
The S-matrix theory was developed in order to describe
the transition amplitudes in the presence of the strong in-
teraction responsible for nuclear forces, like for instance
the pion-nucleon scattering. Mutatis mutandis, we can
try to apply the same basic principles in the presence of
the strong dynamics of a Composite Higgs model. In this
way, one can pursue the possibility to study the struc-
ture of scattering amplitudes through an elegant union
between the analytical approach and the exploitation of
the underlying symmetries.
Keeping this aim in mind, in this paper we apply the
principles of the S-matrix theory to study the scattering
amplitudes in presence of a Strongly Interacting Light
Higgs (SILH), and in particular we focus on the pro-
cesses involving the Goldstone bosons and the Higgs bo-
son. Thanks to the Equivalence Theorem [25], in fact, at
high energies these processes formally take the place of
VLVL → hh, VLVL → VLVL.
This work is organized as follows. In Section II we de-
scribe the theoretical setup of our computation, provided
by the SILH effective Lagrangian [26]. In Section III, us-
ing a dispersion relation, we derive a sum rule that is the
main result of this paper. In Section IV we discuss some
phenomenological implications. Finally, we conclude in
Section V. In Appendix A we summarize the basic prin-
ciples of the S-matrix theory. In Appendix B we con-
struct the scattering amplitudes used in Section III. In
Appendix C we generalize the Froissart-Martin bound to
inelastic scattering amplitudes. In Appendix D we con-
struct the non-linear σ-model Lagrangian describing the
coset SO(4, 1)/SO(4).
II. SETUP: THE SILH EFFECTIVE
LAGRANGIAN
The scalar sector of the SM is described by the follow-
ing Lagrangian
LH = (DµH)†(DµH)− µ2|H|2 − λ
2
|H|4 , (1)
with µ2 < 0; H is the usual Higgs doublet
H =
(
pi+
1√
2
(h+ ipi0)
)
(2)
with vacuum expectation value (vev) 〈H〉 = (0, v)T /√2,
and
DµH = ∂µH +
igL
2
σaW aµH +
igY
2
BµH , (3)
is the covariant derivative related to the gauging
SU(2)L⊗U(1)Y, being σa=1,2,3 the usual Pauli matrices.
In Eq. (2) pi± ≡ (pi1 ∓ ipi2)/√2, pi0 are the Goldstone
bosons while h is the Higgs boson. The minimum of the
potential occurs for v2 = −2µ2/λ, and after electroweak
symmetry breaking the Higgs boson acquires the mass
m2h = λv
2.
The Higgs Lagrangian LH possesses, in the limit gY →
0, the larger global symmetry SO(4) ≈ SU(2)L⊗SU(2)R,
spontaneously broken by the Higgs vev into the diago-
nal custodial subgroup SO(3) ≈ SU(2)C. On the one
hand – in the unbroken phase – the Goldstone bosons
and the Higgs boson transform under the action of the
global symmetry SO(4) according to its fundamental rep-
resentation or, equivalently, according to the bi-doublet
representation of SU(2)L⊗SU(2)R; on the other one – af-
ter electroweak symmetry breaking – under the action of
the custodial group the Higgs boson transforms as a sin-
glet, while the Goldstone bosons transform as a triplet,
parametrizing the coset SU(2)L ⊗ SU(2)R/SU(2)C.
Given this setup, one may wonder if the global sym-
metry SO(4) ≈ SU(2)L ⊗ SU(2)R is just an accidental
property encoded in the Higgs Lagrangian of the SM or
if its presence is rooted in a more profound theoretical
ground.
The latter scenario is realized in the context of Com-
posite Higgs models, in which the Higgs is a pseudo
Nambu-Goldstone boson, and – in analogy with the pions
in QCD – it originates from the spontaneous breaking of
a global symmetry. In more detail, the picture to bear
in mind is the following. In addition to the elementary
sector, formed by all the SM fields with the exception
of the Higgs doublet,2 there exists a composite sector –
around the TeV scale – described by a new fundamental
strongly-coupled theory, and characterized by the global
symmetry G. At some new scale f , this global symmetry
is spontaneously broken by a dynamical condensate into
2 For simplicity, we do not mention in this brief discussion the
possibility that also the top quark might belong to the strong
sector [26].
3the subgroup H ⊃ SU(2)L⊗U(1)Y. The crucial assump-
tion is that, in the limit in which all the SM couplings are
zero, the Higgs doublet H is an exact Nambu-Goldstone
boson doublet living in the coset G/H. Assuming that the
strong sector preserves the custodial symmetry, the min-
imal choice turns out to be G/H = SO(5)/SO(4). The
picture is completed by the SM gauge and Yukawa cou-
plings; they break explicitly the global symmetry, thus
making the Higgs a pseudo Nambu-Goldstone boson, and
generating radiatively the electroweak potential.
The general features of this framework, and in particu-
lar the predicted deviations from the SM, can be captured
in a model-independent way by using the SILH effective
Lagrangian [26]. In this paper we are interested in the
operators of the SILH Lagrangian that involve only the
Higgs doublet, and therefore – at dim-6 – we have
OH ≡ cH
2f2
∂µ(H
†H)∂µ(H†H) , (4)
O6 ≡ −c6λ
f2
(H†H)3 . (5)
Notice that in the following, in order to simplify the no-
tation, we shall refer to the generic component of the
doublet H using the symbol pia, i.e. pia = pi±, pi0, h.
Furthermore, we focus only on the scattering processes
piapib → picpid whose amplitude grows with the energy.
As a consequence, we concentrate on the derivative of
the Goldstone doublet described by the operator OH . In
the next Section we shall derive a general sum rule for
the SILH Lagrangian studying the scattering processes
piapib → picpid. The underlying assumption is that the
UV-completion of the SILH Lagrangian respects the pos-
tulates of Lorentz invariance, analyticity and unitarity
(see Ref. [24], and Appendix A for a review of the basic
definitions). This is a fundamental requirement that we
expect to be true in any string-inspired UV-completion.3
III. ANALYTICITY AND UNITARITY: IR/UV
CONNECTION
Classifying the Goldstone bosons pi±, pi0 and the
Higgs boson h according to the representation (2,2) of
SU(2)L⊗SU(2)R, it is straightforward to realize that the
scattering pi ⊗ pi′ has the following structure
(2,2)⊗ (2,2) = (1,1)⊕ (3,1)⊕ (1,3)⊕ (3,3) . (6)
3 See Ref. [27] for a recent discussion about the UV-completion of
Composite Higgs models with partial compositeness.
This simply means, as a consequence, that the scattering
amplitude Apiapib→picpid(s, t) describing the generic pro-
cess
pia(p1) + pi
b(p2)→ pic(p3) + pid(p4) , (7)
with s = (p1 + p2)
2, t = (p1 − p3)2, can always be
decomposed in terms of its projections with definite
SU(2)L ⊗ SU(2)R quantum numbers. In full generality,
therefore, instead of a single specific amplitude we focus
on the combination
A(s, t = 0) ≡
∑
IJ=00,10,01,11
κIJ AIJ(s, t = 0) , (8)
where κIJ are arbitrary constants, and AIJ(s, t) are the
projected amplitudes according to the decomposition in
Eq. (6). In Eq. (8), moreover, we have explicitly consid-
ered the forward limit t = 0. In Appendix B we compute
in detail all the scattering amplitudes Apiapib→picpid(s, t)
as a function of the projections AIJ(s, t) [see Eqs. (B25-
B32)]. Following Refs. [28–31] we compute the integral
I =
∫
C
ds
2pii
A(s, t = 0)
s2
, (9)
where the contour of integration C is displayed in Fig. 1,
and can be decomposed into two contributions: the con-
tribution from the parts (denoted as I-IV in Fig. 1) sur-
rounding the unitarity cuts,4 and the contribution from
the big circle at infinity, C∞.5 Notice that the scattering
amplitude A(s, t = 0) in Eq. (9) has been promoted to
an analytic function of the complex variable s defined in
the complex plane. The integral I can be computed in
two different ways, providing a connection between the
IR and UV behavior of the theory.
1. We compute the residual value of I at s = 0, where
the scattering amplitudes Apiapib→picpid(s, t) can be writ-
ten explicitly extracting the interactions encoded in the
operator OH . This approach, relying on the lowest order
of the effective field theory description provided by the
SILH Lagrangian, captures the IR limit of the theory. By
4 The contour C lies on the first Riemann sheet (the physical sheet),
where the only singularities of a scattering amplitude are simple
poles and branch cuts. Poles associated with resonances, on the
contrary, lie on the second Riemann sheet, and they play no role
in the computation of the integral in Eq. (9).
5 See also Refs. [32, 33] for the computation of similar integrals in
the context of the longitudinal WLWL scattering, and Refs. [34–
46] for related studies in QCD.
4FIG. 1: Contour of integration C (counterclockwise, blue solid
line) in the complex s-plane according to Eq. (9), decomposed
into the four contributions (I-IV) surrounding the cuts (red
zigzag line), and the contribution from the big circle at infinity
C∞. The green dashed line pictorially represents the crossing
transformation relating the s- and u-channel amplitudes in the
forward limit [see Eqs. (17, 18) and Appendix B 2].
direct computation we find [26, 29]
Api±pi∓→pi0pi0(s, t) = cHsf2 , (10)
Api±pi0→pi±pi0(s, t) = cHtf2 , (11)
−Api±pi±→pi±pi±(s, t) = cHsf2 , (12)
Api±pi∓→pi±pi∓(s, t) = cH(s+ t)f2 , (13)
with equal amplitudes obtained substituting pi0 with h,
i.e. Api±pi∓→pi0pi0(s, t) = Api±pi∓→hh(s, t). Evaluating the
corresponding projections according to Eqs. (B33-B36),
and taking the forward limit we obtain
A(s, t = 0) IR= cHs
f2
(3κ00 + κ10 + κ01 − κ11) , (14)
and, as a consequence
I = cH
f2
(3κ00 + κ10 + κ01 − κ11) . (15)
2. The second method is based on the explicit compu-
tation of the integral following the contour C
I =
∫
I−IV
ds
2pii
A(s, t = 0)
s2
+
∫
C∞
ds
2pii
A(s, t = 0)
s2
, (16)
in which we have separated the contribution from the
cuts and the contribution from the big circle at infin-
ity. Let us consider first the contribution from the cuts;
dropping the t-dependence we have∫
I−IV
ds
2pii
A(s)
s2
=∫ ∞
0
ds
2pii
lim
→0+
[A(s+ i)−A(s− i)
s2
]
−∫ ∞
0
ds
2pii
lim
→0+
[A(−s− i)−A(−s+ i)
s2
]
,
(17)
where the first (second) term represents the discontinuity
of the scattering amplitude across the right (left) cut (see
Fig. 1). As customary in this kind of computation, ana-
lyticity allows us to apply the crossing symmetry trans-
formation that relates the amplitude in the u-channel and
the amplitude in the s-channel; in terms of the projection
AIJ in Eq. (8) we have the following matrix equation
~A(−s) = C−1su ~A(s) , (18)
where ~A ≡ (A00,A10,A01,A11)T . In Appendix B 2 we
compute explicitly this transformation, and the matrix
Csu is given in Eq. (B45). All in all, using the decompo-
sition in Eq. (8), the crossing symmetry transformation
in Eq. (18), and remembering that the imaginary part of
the physical scattering amplitude AIJ(s) in the s-channel
is defined according to
ImAIJ(s) = 1
2i
lim
→0+
[AIJ(s+ i)−AIJ(s− i)] , (19)
the contribution from the cuts in Eq. (17) can be rewrit-
ten as follows∫
I−IV
ds
2pii
A(s)
s2
=
∫ ∞
0
ds
4pis2
×
{(3κ00 + κ10 + κ01 − κ11)[ImA00(s)− 3ImA11(s)]+
(3κ00 + 5κ10 − 3κ01 − κ11)ImA10(s) +
(3κ00 − 2κ10 + 5κ01 − κ11)ImA01(s)} . (20)
Assuming left-right symmetry, i.e. taking ImA10(s) =
ImA01(s) ≡ ImALR(s), we find∫
I−IV
ds
2pii
A(s)
s2
= (3κ00 + κ10 + κ01 − κ11)×∫ ∞
0
ds
4pis2
[ImA00(s) + 2ImALR(s)− 3ImA11(s)] .
(21)
Notice that this symmetry is formally defined as the in-
variance under the exchange of the generators of SU(2)L
5and SU(2)R, and it was introduced in Ref. [47] to prevent
the presence of large corrections affecting the Zbb¯ vertex.
Let us now consider the contribution from the big cir-
cle at infinity in Eq. (16). The rule of thumb in this kind
of computation is to show that the scattering amplitude
falls to zero, or at least remains constant, as |s| → ∞;
in this case, in fact, it is straightforward to see that the
integral goes to zero as soon as the big circle is pushed
to infinity. In order to evaluate the integral following
this criterium, we can retrace the argument already used
in Ref. [31], and based on the application of the Regge
theory. Therefore, let us first try to recap in a nutshell
the main prerogatives of this theory. Considering in full
generality the process ab → cd, the Regge theory re-
constructs the behavior of the corresponding scattering
amplitude Aab→cd(s, t) in the kinematical region s |t|
according to the following expression [24]
Aab→cd(s, t) s|t|∼ Z γac(t)γbd(t) sα(t) , (22)
where Z is a complex constant; Eq. (22) can be inter-
preted considering the exchange of an object (the so-
called Reggeon) with couplings γac(t), γbd(t), and an-
gular momentum α(t) = α(0) + α′t; in the forward limit
we have
Aab→cd(s, 0) s→∞∼ Z γac(0)γbd(0) sα(0) . (23)
On the other hand analyticity and unitarity, by virtue
of the Froissart-Martin bound [48–50], impose the con-
straint6
|Aab→cd(s, 0)| 6 const s(ln s)2 . (24)
Regge amplitudes saturating the Froissart bound, there-
fore, grow like s, and give non-zero contribution to the
integral over C∞. According to Regge theory, this hap-
pens in correspondence of the exchange of a Reggeon
with intercept α(t) = 1, and quantum number of the
vacuum (i.e. without exchange of isospin and charge,
γab = Cδab). This trajectory is the Pomeron, and the
corresponding amplitude reads
Aab→cd(s, 0) s→∞∼ Z C2δacδbd s . (25)
From Eqs. (B33-B36) it follows that all the projections
AIJ(s) can accommodate the Pomeron exchange, and in
6 Notice that the Froissart-Martin bound controls the high-energy
behavior of elastic scattering amplitude, i.e. Aab→ab(s, t). How-
ever, using unitarity, it can be generalized also to inelastic scat-
tering amplitude as in Eq. (24). We provide a proof of this
generalization in Appendix C.
particular we find
A(s) ∼ Z C2(κ00 + κ10 + κ01 + κ11)s . (26)
As in Ref. [31], we can exploit the freedom in the choice
of the coefficients κIJ in such a way that (κ00+κ10+κ01+
κ11) = 0, (3κ00 + κ10 + κ01 − κ11) 6= 0; in this case the
contribution to the integral over the big circle at infinity
originating from Eq. (26) vanishes.
Combining Eq. (15) and Eq. (21) the final result is
cH =
f2
4pi
∫ ∞
0
ds
s
[
σtot00 (s) + 2σ
tot
LR(s)− 3σtot11 (s)
]
, (27)
where we made use of the optical theorem sσtotIJ (s) =
ImAIJ(s), being σtotIJ (s) the total cross section for the
process IJ → anything. The equality in Eq. (27) holds
in the limit of vanishing gauge couplings gL, gY → 0, and
in the limit of unbroken electroweak symmetry, where
the relevant global symmetry governing the scattering
amplitude is SU(2)L ⊗ SU(2)R. Relaxing the left-right
symmetric condition, i.e. considering A10 6= A01, we can
choose the coefficient in such a way that κ10 = κ01 = 0,
κ00 + κ11 = 0, 3κ00 − κ11 6= 0. In this case we find the
following generalization
cH =
f2
4pi
∫ ∞
0
ds
s
[
σtot00 (s) + σ
tot
10 (s) + σ
tot
01 (s)− 3σtot11 (s)
]
.
(28)
IV. DISCUSSION AND OUTLOOK
Let us now discuss some consequences of the sum rule
derived in the last Section. The sum rule connects the
IR limit of the theory, represented by the coefficient cH
of the effective SILH Lagrangian, with a combination of
total cross sections that is valid, in principle, up to arbi-
trary high energy. This connection is completely general,
because it does not rely on specific details – apart from
the postulates of unitarity and analyticity – of the under-
lying strong dynamics that, as a consequence, remains
unknown.
One of the most intriguing consequences of this kind
of sum rule, as already emphasized in Refs. [28, 29, 31],
is the possibility to investigate the positivity of cH . The
sign of this coefficient is particularly important both from
a phenomenological and a theoretical viewpoint. On the
one hand cH contributes to the Higgs propagator; as a
consequence it modifies universally all the SM Higgs cou-
plings, thus providing a direct connection with the corre-
sponding measurements under investigation at the LHC
6[16, 17, 51]. Considering the Higgs couplings with elec-
troweak gauge bosons (ghV V ) and fermions (ghf¯f ) at the
first order in ξ ≡ v2/f2 one finds [26]
khV V = 1− cH
2
ξ , (29)
khf¯f = 1− ξ
(cH
2
+ cf
)
, (30)
in which we have defined the scaling factors ki ≡ gi/gSMi ,
and where cy is the coefficient of the dim-6 operator
Of ≡ cfyf
f2
(H†H)(f¯LH)fR + h.c. , (31)
being yf the SM Yukawa coupling yf =
√
2mf/v. The
sign of cH , therefore, is crucial to understand if these
deformations point towards a depletion or an enhance-
ment of the Higgs couplings w.r.t. the SM predictions.
In Fig. 2 we show the result of a chi-square fit of the
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FIG. 2: χ2 − χ2min as a function of ξcH obtained from a
fit to the Higgs data at the LHC. The blue solid line (red
dashed line) is obtained marginalizing over ξcf=t,b,τ (setting
ξcf=t,b,τ = 0).
Higgs data at the LHC (see Ref. [18] for technical details),
performed using as free parameters ξcH , ξcf=t,b,τ in
Eqs. (29,30). The blue solid line is obtained marginaliz-
ing over ξcf=t,b,τ ; we find at 95% C.L. ξcH = −0.07+0.53−0.43.
For comparison, the one-dimensional fit obtained using
ξcH as free parameter and setting ξcf=t,b,τ = 0 gives at
95% C.L. ξcH = 0.03
+0.20
−0.18 (red dashed line). The phe-
nomenological relevance of cH immediately leads us to
consider the theoretical implications of its sign. To be
more concrete, let us give some example. In Composite
Higgs models based on a compact global symmetry G, for
instance, one always find a positive value for cH ; in the
Holographic Higgs model [15], e.g., we have cH = 1. Lit-
tle Higgs models also predicts a similar behavior; in the
littlest Higgs model with custodial symmetry [52], e.g.,
one has cH = 1/2. Composite Higgs models based on a
non-compact global symmetry group G, on the contrary,
have negative cH ; in the minimal Composite Higgs model
based on SO(4, 1)/SO(4), e.g., one finds cH = −1 (see
Refs. [31, 53, 54] and Appendix D), thus enhancing the
Higgs coupling with the electroweak gauge bosons.
The sum rule in Eq. (28) can not fix the sign of cH .
On the right side, in fact, we have two combinations of
total cross sections that enter with opposite signs. Nev-
ertheless, Eq. (28) can isolate the source of negative con-
tributions: they come from the total cross section in the
channel with (3,3) quantum numbers under the global
symmetry SU(2)L ⊗ SU(2)R.
This information contains some interesting phe-
nomenological consequences. Following Ref. [23], in fact,
one can assume that a resonance of the strong sector is
accidentally lighter than the cut-off scale of the theory,
mρ  Λ ∼ 4pif . If so, this resonance may have sizable
effects in the scattering processes involving the Higgs bo-
son and/or the longitudinal gauge bosons W±L , ZL. Using
the Equivalence Theorem [25] (for a recent discussion see
Ref. [55]) we can investigate these effects looking directly
at the pi⊗ pi′ scattering. In this case the only resonances
that can be exchanged are those that possess the correct
quantum numbers according to the SU(2)L⊗SU(2)R de-
composition in Eq. (6)
η ∼ (1,1) , spin = 0 , custodial = 0 , (32)
ρL ∼ (3,1) , spin = 1 , custodial = 1 , (33)
ρR ∼ (1,3) , spin = 1 , custodial = 1 , (34)
∆ ∼ (3,3) , spin = 0 , custodial = 0 + 1 + 2 ,(35)
where the spin assignment is dictated by Bose symme-
try [23], and where we have indicated the decomposition
under the custodial SU(2)C group. The role of these
resonances in the pi ⊗ pi′ scattering can be immediately
understood considering the expressions of the scattering
amplitudes in terms of their SU(2)L ⊗ SU(2)R projec-
tions, collected in Eqs. (B25-B31). More precisely, we
find the following classification (see Ref. [23] for the cor-
responding description based on the CCWZ effective La-
grangian [56, 57]).
i) η ∼ (1,1).
This resonance is left-right symmetric under
SU(2)L ⊗ SU(2)R, and, therefore, it can not me-
diate left-right violating processes like pi+pi− → pi0h
in Eq. (B32). According to Eqs. (B28-B31), more-
over, η is exchanged in the s-channel in the processes
pi±pi∓ → pi±pi∓, pi±pi∓ → pi0pi0, pi0pi0 → pi0pi0, as
well as in the corresponding ones involving the Higgs
boson pi±pi∓ → hh, hh→ hh, pi0pi0 → hh. Using the
crossing symmetry transformation that relates the
7s- and the t-channel (see Appendix B 2), it follows
that η can be exchanged in the t-channel in the pro-
cesses pi±pi± → pi±pi±, pi±pi0 → pi±pi0, pi±h → pi±h,
pi0h → pi0h. As pointed out in Ref. [23], the t-
channel exchange results in a suppression of the cross
section.
From the point of view of our sum rule, the existence
of this resonance leads to an enhancement in the to-
tal cross section σtot00 (s); its presence, therefore, is
favored in models featuring a positive value of cH .
ii) ρL ∼ (3,1), ρR ∼ (1,3).
In order to preserve the left-right symmetry, both
these resonances must be present with equal mass
and couplings. In this case the amplitude describing
left-right violating process like pi+pi− → pi0h van-
ishes [see Eq. (B32)]. For definiteness, let us fo-
cus on the case in which we have only ρL ∼ (3,1).
According to Eqs. (B26,B27,B31), ρL is exchanged
in the s-channel in the processes pi±pi∓ → pi±pi∓,
pi±pi0 → pi±pi0, pi±h → pi±h, thus enhancing the
corresponding cross sections. On the contrary, using
again the crossing symmetry, ρL can be exchanged
in the t-channel in the processes pi±pi± → pi±pi±,
pi±pi∓ → pi0pi0, pi±pi∓ → hh, suppressing the cor-
responding cross sections. Furthermore, as noticed
in [23, 58] it turns out that the vector resonance is
narrower w.r.t. the scalar one, thus implying a more
promising scenario in Drell-Yan searches.
From the point of view of our sum rule, the existence
of this resonance leads to an enhancement in the to-
tal cross section σtot10 (s); its presence, therefore, is
favored in models featuring a positive value of cH .
Notice, moreover, that this kind of vector resonance
is predicted in the minimal Composite Higgs model
based on SO(5)/SO(4) saturating the Weinberg sum
rules [59–64].
iii) ∆ ∼ (3,3).
This resonance is left-right symmetric under
SU(2)L ⊗ SU(2)R, and, therefore, it can not me-
diate left-right violating processes like pi+pi− → pi0h
in Eq. (B32). According to Eqs. (B25-B31), ∆ is
exchanged in the s-channel in all the piapib → picpid
processes, thus enhancing all the corresponding cross
sections.
From the point of view of our sum rule, the existence
of this resonance leads to an enhancement in the to-
tal cross section σtot11 (s); its presence, therefore, is
favored in models featuring a negative value of cH .
Finally, let us compare our sum rule with the exist-
ing literature. Starting from Eq. (28), using the opti-
cal theorem, and writing explicitly the scattering ampli-
tudes in terms of the charge eigenstates [see Appendix B,
Eqs. (B25,B31)] we find
cH =
f2
pi
∫ ∞
0
ds
s
[σtot+−(s)− σtot++(s)] ; (36)
our sum rule, as a consequence, recovers the result ob-
tained in Ref. [29]. Similarly, making use of the following
SU(2)C custodial decompositions under which the pions
transform as a triplet [31]
Api±pi±→pi±pi±(s) = T2(s) , (37)
Api±pi∓→pi±pi∓(s) = [2T0(s) + 3T1(s) + T2(s)]6 , (38)
where the eigenvalues TI=0,1,2 are the analogous of the
AIJ in Eq. (8) but for the SU(2)C combination 3 ⊗ 3 =
1⊕ 3⊕ 5, we find
cH =
f2
4
∫ ∞
0
ds
s2
[
1
3
Im T0(s) + 1
2
Im T1(s)− 5
6
Im T2(s)
]
,
(39)
thus recovering the sum rule obtained in Ref. [31].
Before concluding, a final caveat is mandatory.7 The
final result of this paper, Eq. (28), surely provides use-
ful indications about the relation between possible devia-
tions of the Higgs couplings and the existence of strongly
coupled resonances. However, the statement that a light
resonance in a given channel IJ would enhance the corre-
sponding contribution to cH has to be taken with a grain
of salt. What matters in the computation of the inte-
gral in Eq. (28), in fact, is the ratio ΓpipiIJ /M
3
IJ ∼ g2∗/M2IJ,
where ΓpipiIJ is the width of the IJ resonance into pipi, MIJ
its mass, and g∗ its coupling with the Nambu-Goldstone
bosons. If a light resonance is more weakly coupled than
a heavy one, then the contribution of the former does not
dominate.
V. CONCLUSIONS
In this paper we have derived in the context of the
SILH Lagrangian the following sum rule
cH =
f2
4pi
∫ ∞
0
ds
s
[
σtot00 (s) + σ
tot
10 (s) + σ
tot
01 (s)− 3σtot11 (s)
]
.
(40)
7 We thank an anonymous referee for this comment.
8The derivation of the sum rule is based on the axiomatic
properties of Lorentz invariance, analyticity and uni-
tarity, and it relies on the underlying global symmetry
SU(2)L⊗SU(2)R. The sum rule connects the low-energy
coefficient cH to the UV properties of the theory, encoded
into the combination of total cross sections that appears
on the right-hand side. The value of this coefficient is
currently under experimental scrutiny at the LHC, and
the possibility to extract from this measurement useful
informations about the ultimate structure of the theory
responsible for the electroweak symmetry breaking is of
vital importance.
For a given model featuring a SILH, the sum rule can
give some useful insight about the corresponding UV-
completion. In particular, the role of the resonances
in the scattering processes between longitudinal gauge
bosons and/or the Higgs boson has been discussed.
The sum rule favors the existence of a scalar reso-
nance η ∼ (1,1) or a vector resonance ρL ∼ (3,1)
[or, equivalently, ρR ∼ (1,3)] in models with a positive
value of cH , like in Composite Higgs models based on
a compact global symmetry group. In presence of the
scalar resonance η ∼ (1,1), in particular, the process
W±L W
∓
L → W±L W∓L and the double Higgs production
W±L W
∓
L → hh and ZLZL → hh are supposed to be en-
hanced. In models featuring a negative value of cH , on
the contrary, the presence of a large contribution from a
scalar resonance ∆ ∼ (3,3) is mandatory.
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Appendix A: Scattering amplitudes and the
S-matrix
The remarkable goal of the S-matrix program, devel-
oped during the sixties before the rise of QCD, was to
construct and compute scattering amplitudes using only
three postulates as guiding principles [24]. To be more
concrete, let us consider in full generality the scattering
i→ f from an initial state i to a final state f ; the corre-
sponding S-matrix element is
Sfi ≡ 〈f |S|i〉 = δfi + i(2pi)4δ4(pf − pi)Ai→f , (A1)
where Ai→f is the relativistic scattering amplitude. The
aforementioned three principles are the following.
i) The S-matrix is Lorentz invariant. This means that
the scattering amplitude can be written as a function
of the Lorentz invariants – scalar products and rest
masses – involved in the process. Considering for
definiteness the two-to-two scattering ab→ cd, these
Lorentz invariants can be recast in terms of the usual
Mandelstam variables
s ≡ (pa + pb)2 = (pa + pc)2 , (A2)
t ≡ (pa − pc)2 = (pb − pd)2 , (A3)
u ≡ (pa − pd)2 = (pb − pc)2 , (A4)
related by s + t + u =
∑
i=a,...dm
2
i . We denote the
corresponding scattering amplitude as
Aab→cd(s, t, u) , (A5)
bearing in mind, however, that u is not an indepen-
dent variable. In the following, whenever it is not
necessary, we will omit the u-dependence.
ii) The S-matrix is unitary, S†S = SS† = 1. This prop-
erty is a consequence of the conservation of probabil-
ity. In terms of the scattering amplitude in Eq. (A1)
the unitarity condition reads
2ImAi→f =
∑
n
∫
dΠnA∗f→nAi→n , (A6)
where dΠn is the n-particle phase-space measure.
iii) The S-matrix is an analytical function of the Lorentz
invariants regarded as variables in the complex plane.
The singularities of the S-matrix are only those
dictated by unitarity. It can be proved that this
property is intimately connected with causality [24].
Apart from the usual formalities, the analyticity of
a scattering amplitude finds an operative definition
in the Cauchy integral formula
Ai→f (s, t) = 1
2pii
∫
C
ds′
Ai→f (s′, t)
s′ − s , (A7)
where C is a contour that does not enclose the sin-
gularities of Ai→f (s, t). Eqs. (A6, A7) are the key
equations of the S-matrix program: once the imagi-
nary part of Ai→f (s, t) is known, in fact, the Cauchy
integral formula – rewritten in terms of a dispersion
relation [24] – allows to fully reconstruct the scatter-
ing amplitude.
9Appendix B: The scattering amplitude Apiapib→picpid
In this Appendix we construct explicitly the scat-
tering amplitudes for the process pia(p1) + pi
b(p2) →
pic(p3) + pi
d(p4), where pi
a = pi±, pi0, h. In B 1 we show
how the SU(2)L⊗SU(2)R symmetry dictates the general
structure of these amplitudes, while in B 2 we discuss the
corresponding transformations of crossing symmetry.
1. The role of the SU(2)L ⊗ SU(2)R symmetry
In order to construct the scattering amplitude for the
process piapib → picpid we make use of the symmetry
SU(2)L⊗SU(2)R under which the Goldstone bosons and
the Higgs boson transform according to the bi-doublet
representation
HcH =
(
(h−ipi0)√
2
pi+
−pi− (h+ipi0)√
2
)
∼ (2,2)SU(2)L⊗SU(2)R ,
(B1)
where Hc ≡ iσ2H∗ and
HcH
SU(2)L⊗SU(2)R−→ gL HcH g†R . (B2)
From the composition of angular momenta it follows that
the pi ⊗ pi′ combination admits the following deconstruc-
tion
(2,2)⊗ (2,2) = (1,1)⊕ (3,1)⊕ (1,3)⊕ (3,3) ; (B3)
this means that we can organize the initial and the fi-
nal state of the scattering process according to their
SU(2)L ⊗ SU(2)R quantum numbers. To this purpose,
we start from Eq. (B1), labeling the states in the repre-
sentation (2,2) using the notation |tL, t3L; tR, t3R〉
|1
2
,
1
2
;
1
2
,
1
2
〉 = |pi+〉 ≡ |1〉 , (B4)
|1
2
,−1
2
;
1
2
,
1
2
〉 = 1√
2
(|h〉+ i|pi0〉) ≡ |2〉 , (B5)
|1
2
,
1
2
;
1
2
,−1
2
〉 = 1√
2
(|h〉 − i|pi0〉) ≡ |1¯〉 , (B6)
|1
2
,−1
2
;
1
2
,−1
2
〉 = −|pi−〉 ≡ |2¯〉 , (B7)
where the last definition is nothing but a shorthand no-
tation. In the combination pi⊗pi′ the states coming from
the sum ~TL = ~tL + ~t
′
L ,
~TR = ~tR + ~t
′
R generate the repre-
sentation (2,2)⊗ (2,2) that we label as |TL, T 3L ;TR, T 3R〉.
According to Eq. (B3) we find [65, 66]
• Singlet (1,1), (TL = 0, TR = 0)
|0, 0; 0, 0〉 = 1
2
(|12¯〉 − |1¯2〉 − |21¯〉+ |2¯1〉) (B8)
• Left Triplet (3,1), (TL = 1, TR = 0)
|1, 1; 0, 0〉 = 1√
2
(|11¯〉 − |1¯1〉) , (B9)
|1, 0; 0, 0〉 = 1
2
(|12¯〉 − |1¯2〉+ |21¯〉 − |2¯1〉) , (B10)
|1,−1; 0, 0〉 = 1
2
(|22¯〉 − |2¯2〉) , (B11)
• Right Triplet (1,3), (TL = 0, TR = 1)
|0, 0; 1, 1〉 = 1√
2
(|12〉 − |21〉) , (B12)
|0, 0; 1, 0〉 = 1
2
(|12¯〉+ |1¯2〉 − |21¯〉 − |2¯1〉) , (B13)
|0, 0; 1,−1〉 = 1
2
(|1¯2¯〉 − |2¯1¯〉) , (B14)
• Left-Right Triplet (3,3), (TL = 1, TR = 1)
|1, 1; 1, 1〉 = |11〉 , (B15)
|1, 1; 1, 0〉 = 1√
2
(|11¯〉 − |1¯1〉) , (B16)
|1, 1; 1,−1〉 = |1¯1¯〉 , (B17)
|1, 0; 1, 1〉 = 1√
2
(|12〉+ |21〉) , (B18)
|1, 0; 1, 0〉 = 1
2
(|12¯〉+ |1¯2〉+ |21¯〉+ |2¯1〉) ,(B19)
|1, 0; 1,−1〉 = 1√
2
(|1¯2¯〉+ |2¯1¯〉) , (B20)
|1,−1; 1, 1〉 = |22〉 , (B21)
|1,−1; 1, 0〉 = 1√
2
(|22¯〉+ |2¯2〉) , (B22)
|1,−1; 1,−1〉 = |2¯2¯〉 . (B23)
After reversing the system formed by the eigenstates
in Eqs. (B8-B23), it is possible to use the Wigner-
Eckart theorem to rewrite the scattering amplitude
〈picpid|A|piapib〉 in terms of the following eigenamplitudes
〈TL, T 3L ;TR, T 3R|A|T ′L, T 3 ′L ;T ′R, T 3 ′R 〉 = ATLTRδTLT ′LδTRT ′R .
(B24)
As a consequence, we can recast the amplitude
〈picpid|A|piapib〉 as a function of the four scattering eigen-
values A00, A10, A01, A11. Reintroducing the notation
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〈picpid|A|piapib〉 = Apiapib→picpid(s, t, u) we find
Api±pi±→pi±pi±(s, t, u) = A11 , (B25)
Api±pi0→pi±pi0(s, t, u) = 14(A10 + 2A11 +A01) ,
(B26)
Api±pi0→pi0pi±(s, t, u) = −14(A10 − 2A11 +A01) ,
(B27)
Api±pi∓→pi0pi0(s, t, u) = 14(A00 −A11) , (B28)
Api0pi0→pi0pi0(s, t, u) = 1
4
(A00 + 3A11) , (B29)
Api0pi0→hh(s, t, u) = 1
4
(A00 −A11) , (B30)
Api±pi∓→pi±pi∓(s, t, u) = 14(A00 +A10 +A01 +A11) ,
(B31)
where on the right side the same kinematical dependence
AIJ = AIJ(s, t, u) is understood. Moreover, Eqs. (B26-
B29) hold true replacing pi0 with the Higgs boson, i.e.
for instance Api±pi0→pi±pi0(s, t, u) = Api±h→pi±h(s, t, u)
and Api0pi0→pi0pi0(s, t, u) = Ahh→hh(s, t, u). On the con-
trary, we find Ahh→pi0h(s, t, u) = Api0pi0→hpi0(s, t, u) =
0. Finally, notice that we need one more amplitude
in order to disentangle the combination A10 + A01 in
Eqs. (B26,B27,B31); in particular we find
Api+pi−→hpi0(s, t, u) = i4(A10 −A01) . (B32)
This scattering amplitude is different from zero only
breaking the left-right symmetry, A10 6= A01. Including
Eq. (B32) the system in Eqs. (B25-B31) can be imme-
diately reversed, and a trivial computation leads to the
following expressions
A11 = Api±pi±→pi±pi±(s, t, u) , (B33)
A00 = 4Api±pi∓→pi0pi0(s, t, u) +Api±pi±→pi±pi±(s, t, u) ,
(B34)
A10 = Api±pi±→pi±pi±(s, t, u)
−2 [Api±pi0→pi0pi±(s, t, u) + iApi+pi−→hpi0(s, t, u)] ,
(B35)
A01 = Api±pi±→pi±pi±(s, t, u)
−2 [Api±pi0→pi0pi±(s, t, u)− iApi+pi−→hpi0(s, t, u)] .
(B36)
2. SU(2)L ⊗ SU(2)R crossing symmetry
One of the most powerful consequence of analyticity is
crossing symmetry. Starting from Eq. (A5), and defining
the corresponding crossed scattering amplitudes
s− channel : a+ b→ c+ d , (B37)
t− channel : a+ c¯→ b¯+ d , (B38)
u− channel : a+ d¯→ c+ b¯ , (B39)
crossing symmetry is formally defined by the following
relations
Aab→cd(s, t, u) = Aac¯→b¯d(t, s, u) , (B40)
Aab→cd(s, t, u) = Aad¯→cb¯(u, t, s) , (B41)
and corresponds to the fact that, thanks to the analytical
continuation, it is possible to describe all the processes in
Eqs. (B37-B39) with the same analytical function but in-
terchanging the role of the Mandelstam variables [24]. In
our case, because of the SU(2)L⊗SU(2)R structure, the
crossing relations in Eqs. (B40,B41) have the following
matrix form
~A(s, t, u) = Cst ~A(t, s, u) , (B42)
~A(s, t, u) = Csu ~A(u, t, s) , (B43)
where ~A ≡ (A00,A10,A01,A11)T . Using Eqs. (B25-B31)
and Eqs. (B40-B41) we find
Cst =
1
4

1 3 3 9
1 −1 3 −3
1 3 −1 −3
1 −1 −1 1
 , (B44)
Csu =
1
4

1 −3 −3 9
−1 −1 3 3
−1 3 −1 3
1 1 1 1
 . (B45)
As a simple cross-check, these matrices satisfy the rela-
tions Cst = C
−1
st , Csu = C
−1
su .
Appendix C: On the generalization of the
Froissart-Martin bound for inelastic amplitudes
The Froissart-Martin bound [48–50] controls the be-
havior of elastic scattering amplitudes at high ener-
gies.8 In particular, considering the scattering ampli-
tude Aab→ab(s, cos θ) – being θ the scattering angle in
8 This bound has been obtained in Ref. [48, 49] assuming analytic-
ity and unitarity, and further re-examined in Ref. [50] using only
analytic properties from axiomatic quantum field theory.
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the c.o.m. frame, with t = −2(s/4−m2)(1− cos θ) – we
have for real s→∞
|Aab→ab(s, cos θ = 1)| 6 const s(ln s)2 , (C1)
|Aab→ab(s, | cos θ| < 1)| 6 const s
3
4 (ln s)
3
2
(sin θ)
1
2
. (C2)
Using the optical theorem the first inequality can be im-
mediately translated into a bound on the high-energy
behavior of the total cross section σtotab (s) describing the
process ab→ anything
σtotab (s) 6 const (ln s)2 . (C3)
From a more general point of view, one can be inter-
ested in inelastic processes where initial and final state
are different [67, 68]. In the following we shall derive a
generalization of the Froissart-Martin bound in Eq. (C1),
and our proof goes as follows.
Let us start considering the inelastic scattering process
ab → cd among scalar particles with, respectively, four-
momenta p1, p2, p3, p4. For simplicity we assume that
all the masses are equal, s+ t+ u = 4m2, with
√
s m.
In this limit the differential cross section is
dσab→cd
d cos θ
=
1
32pis
|Aab→cd(s, cos θ)|2 , (C4)
where Aab→cd(s, cos θ) is the scattering amplitude. The
total cross section for the process ab→ cd is therefore
σab→cd(s) =
1
32pis
∫ +1
−1
d cos θ|Aab→cd(s, cos θ)|2 . (C5)
On a general ground we can set the following chain of
inequalities
σab→cd(s) < σinelasticab→cd,... < σ
tot
ab 6 const (ln s)2 , (C6)
and, as a consequence, we obtain∫ +1
−1
d cos θ|Aab→cd(s, cos θ)|2 6 const s(ln s)2 . (C7)
However, given that we are interested in the forward limit
of the scattering amplitude, |Aab→cd(s, cos θ = 1)|, this
result is not enough for our purposes. In order to put
a bound on |Aab→cd(s, cos θ = 1)|, we proceed following
three steps.
1. We introduce the partial wave expansion
Aab→cd(s, cos θ) =
∞∑
l=0
(2l + 1)al(s)Pl(cos θ) , (C8)
where al(s) are the partial wave amplitudes and Pl(cos θ)
the Legendre polynomials. Bearing in mind that Pl(1) =
1 we have for the forward scattering amplitude
dσab→cd
d cos θ
∣∣∣∣
θ=0
=
1
32pis
∞∑
l,m=0
(2l + 1)(2m+ 1)al(s)a
∗
m(s) ,
(C9)
and, using the Cauchy-Bunyakovskii inequality,
dσab→cd
d cos θ
∣∣∣∣
θ=0
6 1
32pis
∞∑
l,m=0
(2l+1)(2m+1)|al(s)||am(s)| .
(C10)
On the other hand, considering the total cross section
in Eq. (C5), we have
σab→cd(s) =
1
32pis
∞∑
l=0
2(2l + 1)|al(s)|2 , (C11)
where we made use of the orthogonality relation∫ +1
−1
dxPl(x)Pm(x) =
2δlm
(2l + 1)
. (C12)
2. The next step is to relate the partial wave ampli-
tudes al(s) in Eq. (C10) to the amplitude describing the
corresponding elastic process ab → ab. To this purpose,
we use the unitarity condition in Eq. (A6); for a scatter-
ing process 1 + 2→ n, with initial state |p1, p2〉 and final
state |p′1, . . . , p′n〉 we have
dΠn = (2pi)
4δ(4)(p1 + p2 −
n∑
j=1
p′j)
n∏
j=1
d3p′j
(2pi)32E′j
. (C13)
Considering the two-body elastic scattering process ab→
ab, and writing explicitly the independent kinematical
variables, Eq. (A6) becomes9
2ImAab→ab(s, cos θ = 1) =
∑
n
∫
dΠn|Aab→n|2 . (C14)
The right-hand side is a sum of positive numbers. Ex-
tracting only the process ab→ cd, we have the following
inequality
2ImAab→ab(s, 1) >
∫ +1
−1
d cos θ
16pi
|Aab→cd(s, cos θ)|2
=
1
16pi
∞∑
l=0
2(2l + 1)|al(s)|2 . (C15)
9 Notice that Aab→ab is the transition amplitude for the scattering
process ab → ab in which the direction of motion is unchanged
(initial and final state are equal). In other words, we are dealing
with the elastic amplitude describing the forward scattering.
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The elastic amplitude Aab→ab(s, 1), in turn, can be ex-
panded in partial waves
Aab→ab(s, 1) =
∞∑
l=0
(2l + 1)fl(s) , (C16)
leading to
|fl(s)| > 1
16pi
|al(s)|2 , (C17)
being |fl(s)| > Im fl(s). This inequality connects the
partial wave amplitudes describing the elastic process
ab → ab, fl(s), to those describing the forward inelas-
tic process ab→ cd, al(s), according to Eq. (C10).
3. Finally, combining Eq. (C10) and Eq. (C17), we are
now in the position to use the original argument of the
Froissart theorem. This argument relies on the fact that,
in the large s, l limit, we have the asymptotic behavior
fl(s)l,s→∞ ∼ exp
[
−
(
2m√
s
)
l + δ ln s
]
, (C18)
where δ is an integer. This simply means that the partial
waves with l & c√s ln s, where c is some constant, can be
neglected. Because of unitarity all the remaining ones,
moreover, are bounded according to |fl(s)| 6 16pi. All in
all we find
dσab→cd
d cos θ
∣∣∣∣
θ=0
6 8pi
s
c
√
s ln s∑
l=0
(2l + 1)
c
√
s ln s∑
m=0
(2m+ 1)
' const s(ln s)4 , (C19)
and the final result is
|Aab→cd(s, cos θ = 1)| 6 const s(ln s)2 . (C20)
Appendix D: The non-linear σ-model based on
SO(4, 1)/SO(4)
In this Appendix, we construct the non-linear σ-model
based on the coset SO(4, 1)/SO(4) following the CCWZ
prescription, originally proposed in Refs. [56, 57] consid-
ering compact, connected, semisimple Lie group G. The
correspondent generalization to the case in which G is a
non-compact group, and H is its maximal compact sub-
group [as in SO(4, 1)/SO(4)] is known in the context of
supergravity theories (see, e.g., Ref. [69–71]).
The de Sitter group SO(4, 1) [72] finds an intuitive
realization as the ten-parameter group of transformation
matrices that acting on the five variables w, x, y, z, t
holds invariant the indefinite quadratic form
− x2 − y2 − z2 − w2 + t2 . (D1)
The generators of the corresponding algebra Lab = −Lba
satisfy the commutation relations
[Lab, Lcd] = i (−gacLbd + gadLbc + gbcLad − gbdLac) ,
(D2)
where g = diag(−1,−1,−1,−1,+1) is the internal metric
of the algebra. The explicit solution used throughout this
paper is
(Lab)ij = i (δia gbj − δib gaj) . (D3)
The maximal compact subgroup of SO(4, 1) is the special
orthogonal group SO(4). In more detail, recasting the
generators as follows
Lab = abcJc , La4 = Ka , a, b, c = 1, 2, 3 , (D4)
the algebra of the isomorphism SO(4) ≈ SU(2)L ⊗
SU(2)R can be recovered defining
~TL ≡ 1
2
(
~J + ~K
)
, ~TR ≡ 1
2
(
~J − ~K
)
, (D5)
while the remaining generators T a=1,···,4c ≡ La5/
√
2 de-
fine the coset SO(4, 1)/SO(4). Notice that, using the
explicit realization in Eq. (D3), the generators of the de
Sitter group are normalized as follows
Tr
(
T aL T
b
L
)
= δab , (D6)
Tr
(
T aR T
b
R
)
= δab , (D7)
−Tr (T ac T bc ) = δab . (D8)
The coset SO(4, 1)/SO(4) is the four-dimensional hy-
perbolic space H4. To describe this space, first we in-
troduce the coordinates ϕ1,···,4 to parametrize the left
cosets, then we define the coset representative field
U(~ϕ) = exp
[
i
√
2
f
ϕa T
a
c
]
. (D9)
The coset representative field is an element of the group
SO(4, 1) which transform under global SO(4, 1) transfor-
mation from the left and local SO(4) transformation from
the right. It satisfies the defining relation of SO(4, 1),
namely UT g U = g, and its inverse can be build us-
ing the metric g as U−1 = g U g. In the unitary gauge
~ϕ = (0, 0, 0, h) the coset representative field takes the
explicit matrix form
U(h) =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 cosh hf − sinh hf
0 0 0 − sinh hf cosh hf
 . (D10)
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Following Ref. [69–71], we introduce the decomposition
U−1 (∂µU) = dµ + Eµ , (D11)
where dµ ≡ daµT aC, Eµ ≡ EaL,µT aL +EaR,µT aR. Gauging the
SU(2)L⊗U(1)Y SM subgroup amounts to promoting the
ordinary derivatives to covariant ones, ∂µ → Dµ = ∂µ −
i(gLW
a
µT
a
L +gYBµT
3
R). The gauged version of Eq. (D11)
becomes U−1 (DµU) = dˆµ + Eˆµ, with dˆµ ≡ dˆaµT aC, Eˆµ ≡
EˆaL,µT
a
L + Eˆ
a
R,µT
a
R. The leading order non linear σ-model
Lagrangian for the SM gauge and Goldstone bosons is
Lσ = −1
4
W aµνW
a,µν−1
4
BµνB
µν+
f2
4
Tr
(
dˆµdˆ
µ
)
. (D12)
We find
Lσ = −1
4
W aµνW
a,µν − 1
4
BµνB
µν +
1
2
(∂µh)(∂
µh)
+
1
8
g2Lf
2(W 1µW
1,µ +W 2µW
2,µ) sinh2
h
f
+
1
8
f2(gLW
3
µ − gYBµ)(gLW 3,µ − gYBµ) sinh2
h
f
.
(D13)
From the above Lagrangian we read the value of the elec-
troweak gauge boson masses
m2W (〈h〉) =
1
4
f2g2L sinh
2 〈h〉
f
=
1
4
g2Lv
2 , (D14)
m2Z(〈h〉) =
1
4
f2(g2L + g
2
Y) sinh
2 〈h〉
f
=
1
4
(g2L + g
2
Y)v
2 ,
(D15)
from which we obtain
sinh2
〈h〉
f
=
v2
f2
≡ ξ . (D16)
Following Ref. [26], the scaling factor describing the cou-
pling of the Higgs with the electroweak gauge boson V
is
khV V =
1
gLmV (h)
∂m2V (h)
∂h
∣∣∣∣
h=〈h〉
=
√
1 + ξ . (D17)
Notice that in Composite Higgs models based on a
compact global symmetry group G one finds khV V =√
1− ξ. Similarly, the scaling factor describing the Higgs
quadratic coupling to the electroweak gauge boson V fol-
lows from
khhV V =
4
g2L
∂2LhhV V
∂h2
∣∣∣∣
h=〈h〉
= 1 + 2ξ , (D18)
where LhhWW = (f2/8)g2L sinh2(h/f), LhhBB =
(f2/8)g2Y sinh
2(h/f). In Composite Higgs models based
on a compact global symmetry group G one finds
khhV V = 1− 2ξ.
The flipped sign in Eq. (D17) has important phe-
nomenological implications [73], summarized for the sake
of clarity in Fig. 3, where we fit the LEP data in the plane
defined by the oblique parameters S and T [74, 75] (see
Ref. [18, 76] for a detailed discussion about the fit). The
reference point at which S and T vanish is defined by
the SM with mh = 126 GeV and mt = 173.5 GeV, and
it lies on the boundary of the 68% confidence contour,
in agreement with the experimental data. Deviations of
-0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4
S
T
LEP-I + LEP-II, U = 0
k hVV = 1 - Ξ
k hVV = 1 + Ξ
FIG. 3: Confidence regions (68%, 95%, 99% C.L.) for the S
and T oblique parameters (U = 0) obtained from the fit of
LEP-I and LEP-II data.
the Higgs couplings with the electroweak gauge bosons
W±, Z w.r.t. their SM values generate logarithmic cor-
rection [77] to the S and T parameters in the directions
shown by the representative arrows in the plot. The cor-
rection in Eq. (D17) points towards the favored region,
thus alleviating the tension with the electroweak pre-
cision measurements that affects the Composite Higgs
models based on a compact global symmetry [78]. It
is important to keep in mind, however, that extra con-
tributions coming from the strong sector can drastically
modify this picture.
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